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1 Horamusa

Bce MHOrOWIEHB M CTEIIEHHBIE PAAbI B 9TOM KOHCIIEKTE paCCMaTPUBAIOTCA Ha/l BEIMECTBEHHBIMU YUCJIaMH,
€CJIN HE YKa3aHO NHOE€.

Onpenenenne 1.0.1

DopmMasIbHBIM CTelleHHbIM psiioM oT nepemeHHOU z (PCP) nasbiBaercsa GeckoHeuHAsT
cymma A(x) = ag + ayx + az2? + ... (BHe 3aBHCHMOCTH OT TOTO, CXOJUTCS TAKOH PsJ| TIpH
KaKUX-Jn00 3HaueHnsX * win HeT). Ha dhopMaIbHBIX CTENEHHBIX PsJIaX ONPEeJIeHO YMHOYKEHNE
Ha BEIECTBEHHOE YUCIIO (II09JIEMEHTHOE), CyMMa (II09JIEMEHTHAsT) M IIPOU3BEJIeHIe, SKBIBAJIEHTHOE
[IPOU3BE/IEHUIO MHOTOYJIEHOB (CBEPTKA II0C/IE]0BATEIbHOCTEN KOd(hDUIMEeHToB):

A@)B(@) = (3 i) (Y bja?) = (3 3 aibja®) = C(a)
0 =0

i k=0i+j=k

=]

Bynem o6osnauars kKosdbdunuent npu 2" B A(x) 3a [z"] A(x).



Onpenenenne 1.0.2

Eciin A, B - ®CP I/I‘B(O) = 0, mbo A - MHOTOWIEH, TO MOYKHO OIPEJETUTh KOMITO3UIIHIO
A(B(x)) = 3320 a: B ().
o

. %
Dkcnonenroii nasviBaercsas PCP exp(z) = g
i=0
DKCIOHEHTOM cTeneHHOro psiya A HaspBaeTcs kommozumus exp(A).

H.
JIorapudmom crenenHoro psaga A nassisaercs takoit ®CP B, uro exp(B) = A.

Onpenenenne 1.0.3

®opmanbHoii npoussoanoit PCP A(r) = ag+ajx+... nasesaerca ®CP A'(x) = a1 + 2az7 +
oo

- = (Z + 1)ai+1xi
=0

Omnpenenenne 1.0.4
OO611en3BecTHO, YTO JJIs JIOOBIX MHOIOUYICHOB A n B CyIIecTByeT €IUHCTBEHHOE Pa3JIOKEeHUe
A=DB+ R,deg R < deg B

Bynem nazeiBarh R ocrarkoM A mo mojymnio B.

Muorowiensl A u B Ha3bIBalOTCA CPABHUMBIME 110 MOy 0 C, €cin y HUX OJMHAKOBBIE OCTATKH
no moxayito C. (3amucs: A = B (mod C))

st popmasnbroro crenennoro psga A(z) = Y o a;z" GyseM Ha3bIBATH €10 OCTATKOM 110 MOJLYJIIO
2"t MHOTOWIEH ag + a1z + - - - + anz”.

2 Onepaulxm C MHOIro1JieHaMu M pdadaMmn

2.1 OO6painenue CTeENEeHHOTO Ps/Jia

Jlna mo6oro ®CP A(x) takoro, aro A(0) # 0, cymectsyer ®CP A~1(x) Takoit, uto A7 A = 1. Jlasaiire
HAyYIHUMCsl HAXOJUTD €ro IepBble N WIeHOB (OyIeM CYUTATH, YTO Mbl yMeEM II0JIy4aTh KOhDhUIHEeHTHI
A za O(1)).

Hauném ¢ By = ag L=4g-1 (mod z) u Gyzem yaBauBaTh CTENEHb T, 10 MOLYJIIO KOTOPOIi y HAC €CTh
oBpaTHBIi (T. €. yIBAUBATH KOJIMIECTBO HANJIEHHBIX KO3(DMUIMEHTOB).

Iycts B, = A™1 (mod z%), rue a = 2k Torma ms ciemyromero Bj.41 TOMKHO OBITH BBIIIOJHEHO
ABjgy1 =1 (mod 22*). Mbr MoxkeM nipejictaBuTh Byy1 = By, +2%C, Torma A(By +2°C) = 1 (mod x2%).
[ycts ABy =1+ 2D (mod z%%), Torna

1+ 2°D+2°AC =1 (mod 2**) = D = —AC (mod z)
= —AC (mod 2%) = C = —B;D (mod z**)
2°C' = —Bpa®D = By (1 — ABy,) (mod %)

Bjy1 = B(2 — ABy,) (mod x2%)

TakuM 00pa30M MBI yBaMBaeM KOJIMYECTBO U3BECTHBIX HAM KO(hMUIMEHTOB 32 2 YMHOKEHUS MHOIO-
wienoB. roro acumiroruka T'(n) = T'(n/2) + O(nlogn) = O(nlogn)



2.2 JlejeHue c OCTaTKOM

ITycrs y Hac ectb MHOrOWIeHbl A(x) u B(x) cremneHeit n u m, COOTBETCTBEHHO, NpudeM n > m. Mbl
XOTUM HaliTu Takue muorodsieHs Q(x), R(x), aro

A(z) = B(z)Q(x) + R(z),deg R < deg B
Omnpenenenune 2.2.1

PeBepcupoBaHHBIM MHOTOYJIEHOM MHOrodieHa P(x) HasbiBaeTcss MHOrowreH rev(P(x)) =
xde P(#) p(z=1). (Ha camom zese, 510 mpocto dopMaIm3amms pa3Bopora KodhbdumenTos. )

B PeBEPCUPOBAHHBIX MHOT'OYJIEHaX MO2KHO 3allUCaTb

rev(A(z)) — 2" Frep(R(x)) = rev(B(x))rev(Q(x))

2.3 Metoa HeroToHa

Iycrs y mac ects dynkuus F(z) = Y oo ai(x — B)", tae a;, f € Z[z]. Mb xotum Haiitn Takoit @CP
P(x), uro F(P(z)) = 0. Oguako, mbl He ymeeMm xpanutb PCP nesmkoMm, mosToMy, Kak 1 B CIydae ¢
obparenreM psioB, OyaeM BbrancasaTs P(x) (mod ka) JI7IsSI PA3HBIX K.

IIpennoxkenune 2.3.1
st moboit dyuknum F, mMeromeit B 13 Hadaa ab3alia, BEPHO PA3JIOKEHUE
F(z +y) = F(z) + F'(x)y + G(z,y)y?

rue y - dbopmasbHas nepeMennas, a G(x,y) - Kakoi-To ps.

Zloxasameavcmeo. Ilonb3ysch bunomom HpioTona u m30/mMpyst mepBble 2 WjIeHa U3 HEro, MOy IuM

Flz+y)=)Y aiz—B+y)
:=0

= ap + Z(ai((x = B) +i(z — B)1y) + gi(z,y)y?) =

<

= Zaz(:ﬂ -B) + Zaii(x - Bty + Zgi(x,y)gf =
=0 i=1 =0

O

Mycrs F(Qg) =0 (mod z%). Ml xotum Haiitn Qkr1 = Qf + 2°C
(mod 2%%) raxoit, ato F(Qp11) =0 (mod z%%). Honcrasnsas © = Qy,y = r°C B pasnoxennn u3 2.3.1,
HOJTY<IHM

F(Qrt1) = F(Qr) + F'(Qr)z“C + G(Qg, z*C)z**C?
[ombsysch 2°C = Qpi1 — Q (mod x29):
0= F(Qr+1) = F(Qx) + F'(Qx)(Qr41 — Qx) (mod z°%)

F(Qy)
F'(Qr)

Acuvmroruxa T'(n) = T(n/2) + O(seraucienne F(Qy) u F'(Qr)~1).

Qi1 = Qr —

(mod z%%)




SamMeTuM, 9TO MBI MOYKEM HOJIyIUTDH AJTOPUTM Jjis 0Dpaliennsl MHOTOUIeHa u3 Merosa Heiorona,
noseaysack F(x) = 2! — P, u dbopmyna 6yeT B TOTHOCTH SKBUBATCHTHOMH 2.1.

2.4 PopmajibHasi IPOU3BOAHAS
IIycrs F(x) = Z fox", G(x) = Zgnx". Tak xax
n=0 n=0

(" 2™) = (n4+m)z" T = (™) 2™ 4 (™) -2

To (F(m)G(aﬁ))/ = F'(z)G(x) + G'(x)F(z) B wacTaOCTH ((F(m))”)/ =n-F'(z)- (F(gc))rk1

3HauuT

(F(G(2))) = <Z fn(G(w))"> =Y farn-G(2) (G)" = F'(G2) - G'(x)

Omnpenennm
o0 J’/‘n
exp(x) = Z )
n=0
= T
In(l+z)=> (1) -
n=1
Torna

> 1 1
ln/(l —|—J)) _ 1 n—lxn — ln/(F J))) =
St = e — W) =
Samernm, 9TO

i _ F@)

(In(F(z))) = In'(F(2))F'(z) Fo)
"= In'(ex x))) - exp’ (F(z ,x:exp’(F(x) "(2) = F'(x
(In(exp(F(x))))” = In'(exp(F(x))) - exp’(F(x)) - F'( xp(F(2)) F'(z) = F'(x)

2.5 Jlorapudpm

P'(z)
P(z)
obparnbiii k Hemy 3a O(nlogn), nepemuoxurs ¢ P 3a O(nlogn) u 3arem nocasurarsb Ko3hbdUIUEHTDI
3a JINHAIO, YTOOBI BOCCTAHOBUTH N 110 €ro MpOM3BOIHOIM.

. MBI MoxkeM BbraucsuTh P’ 3a JMHUIO, HAHTH
)

Hnst dynxnuu In P(z) ussectno, uro (In P(x))’ =

2.6 DKcnoHeHTa
Hast exp(P) = @ Bepuo, uto In Q) = P, nosromy Bocnosb3yemcs MerogoMm Heorona misa F(z) = lnx— P:
F(x)=Inz— P
Fl(x)=a7!

Qr+1=Qr(1+ P —1nQy) (mod =

2k+1

)

Jlis BO3BEIeHs MHOTOUIeHa B k-fo crenenb BeroMunM, uto PP = exp(kIn P).



3 Brbruuciaenne n NMHTEePIIOJIAI A

3.1 Chirp-z transform

[Tycrs nam gan muorowien P(z) = ngol a;x' muauca ¢ uwm, u Mbt xotuM Beraucuts P(c?), P(ct), ..., P(c™).

)2—i2 ;2

. —1 P .. i+ 7
O6osznaxnm b; = P(¢7) = Y17 a;c. Bamernwm, uto ij = (it . Hostyuaercst, uro:

N

bij7 = (aic_é) c(( )

2 i2

2

o o . o i i .o i

B Takoit dpopme b; MOXKHO HaWTH CBEPTKON a;c” 2 U c 2. OJHAKO, BO MHOTHX CIIyJasX HaflTH c 2
HEBO3MOXKHO (HAIIPUMED, 9acTo Takoe OblBaer 1pu pabore ¢ ocrarkamu 1o Moayio). Kak ke 6biTh?

HeciroxxkupiMu ajirebpaniecKuMu MaHUITYIISIISIME MOYKHO ITOJIYYHUTD, 9TO §j = (“2” ) — (;) — (;)
AHaJOrMIHO MPEBIAYIIEMY CIIyYat0, Oy UM, ITO:

bjc(g) = Z(aicf(;))c(iy)

Ecmn Beectn C(z) =Y, an_ic ("2 ) g, D(z) =32, ()2, to nomy«my, wro:

P(ch) = ¢ ) [2"H] (C(2) - D())

3.2 Multipoint evaluation

ITycrs Ham maH MHOrouneH A(r) m HaGOp 9HMCEN X1,...,T; U Mbl XOTHM BbIUHCJIATH 3HAYEHUS
A(z1),..., A(xy). OueBupno, uro A(z;) = A(z) (mod z — x;). Ilpu sTOoM m3BecTHO, YTO eciu
A(z) = B(x) (mod C - D), 10 A(x) = B(x) (mod C).

O6osnaunm P, (z) = [[;_;(z — x;). MbI MoKeM ceaTh pasaessiiKy: MyCTh y HAC y7Ke BEITHCJICHO
snadenne A(x) (mod P ,(x)), Torga MOKHO 3aIycTuTh caemyontre urepanun ¢ A(x) (mod P, (x)) u
A(x) (mod P41,-(2)), T€M caMbIM yMeHBIINB cTelenb octaTkoB A(z) Biasoe. Ecin 3apanee nocanrars
HyxHble P, ,.(x), atropurm cymMmapHo Oyaer paboraTh 3a O(nlog2 n) (y Hac logn cioes pasmessiiku,
Ha KasKJIOM CYMMapHO 1 K03(hUIMEHTOB).

3.3 MHNurepnosnsaius yepe3 MyJIbTUIIONHT

ITycrs vam pan Habop u3 n nap (z;,y;) U Mbl XOTUM HajiTi MHOrouteH A(z) rakoif, aro Jyist Bcex ¢ or 1
1o n A(x;) = y;. D10 MoxkHO czenarb, pemus CJIAY ¢ koaddunuenramu MHOrowWIeHa, OJHAKO, ITO
nosro. N3Bectaa dopmysna unareprossanun Jlarpamxa:

n
T —x;
Aw) = w [l o=
i=1 " J

O‘{GBI/I,ILHO, Y9TO IIPHU IIOJCTaHOBKE T — T; B 0 O6paTHTCH BCE€ YJIeHbl CyMMBbI, KpOME€ YJIeHa C Y;.

Kaxk soranciurs koaddunuentsr A(x) 3a 6picrpo?

Pacemorpum muorowten P(z) = []1, (z — x;). Ecim mocmorpers Ha ero npoussogayio P’ (x), MoKHO

3aMETUTh, UTO €CJIH TIOJICTABATD B HEE X;, IOy IUTCs B TOYHOCTH | | j #(xi —xj), KO3 DUIHEHT, CTOATITAN
B 3HAMEHATEJE y ;.

[Tosyuaercss, 4TO MBI CBEJIU 3a/la1y K BbIYMCJAEHUIO Y i, a; [[;.;( — xj), 9TO0 MOXKHO cienarhb
3 i=1 jF#£i 317
pa3,uen;n7n<2oﬁ Buga A;, = Aim Pt + Amt1,0 Pl ITOrO MBI yMeeM HHTEPIOINPOBATH MHOTOUJIEH
3a O(nlog”n).



4 Half-GCD

Hawm nanbr muorousens! A(z), B(2) u Mbl XOTUM BBIYHCJIATH MHOIOYIEH MaKCUMaJIbHOIL crenenu P(z)
rakoit, uro P(z) | A(x), B(z). Byaem mesnarb 510 pekypcuBHO (kjaccuueckuil ajropurM Eskimzna
paGoraer 3a O(deg Adeg B), a Mb1 xorum HayuuThes 3a O(nlog? n)).

3amMeTnM, 9To Mar CTaHIapTHOro EBKIIIIa MOXKHO 3anncaTb, KAK YMHOKeHHe CTOI0NA U3 2 MHOIOUICHOB
Ha Marpuiy — ecan A(z) = B(z)Q(z) + R(x), To

F) = —ow) (&)

U Bech asroput™ TOrIa MOXKHO 3aIHCATh, KAK IIOCJIEI0BATEILHOCTD YMHOKEHN HA MATPHILBI, TO €CTh
YMHOYKEHHE Ha UX Tpou3BejeHue!

Bamernm, uro ecau y Hac Oyner dyuakuus HGCD(A(z), B(x)), KoTopasi 110 nape MHOTOUYJIEHOB
6yzer 3a O(n log? n) BO3BPAINATH MATPUILY, YMHOXKEHUE Ha KOTOPYIO yMEHLIIAeT CTEHEHb BTOPOrO
apryMeHTa XOTs OBl BJIBOE, TO BECh AJTOPUTM MOXKHO OYJIET CBECTH K JIBYM IIATaM:

1. M = HGCD(A(z), B(z))

> (o) =¥ (50)

3. mogenurs C(z) Ha D(x) ¢ ocTaTKOM ¥ IPOAOKUTL ¢ D() 1 0CTATKOM B Ka4eCTBe MHOIOUJIEHA

B wurore sro 6yzer paborars 3a O(nlogn), moromy 4ro creneHu o60MX MHOIOYJIEHOB IIOCJIE IIara
yMeHbImaTcs BiaBoe. OCTaaoch HAYIUTHCS CIUTATD
HGCD(A(z), B(z)).

SamMeTuM, UTO Jjis MIArOB aJiropuTMa EBK/nIa, B pe3ysibTaTe KOMIIO3UIIMU KOTOPBIX CTEIIeHb
MEHBIIEr0 U3 MHOTOUJIEHOB YMEHBITAETCS XOTsI OBl Ha d, IOCTATOYHO 3HATH cTapIine 2d Ko3hhuineHTos
o6oux MuOrowreHoB. M3 aroro npuaymbeiBaercs crocod cauratb HGC D:

ITycts crenens A(x) pasHa 4d, a crenenb B(x) menbie crenenn A(z). st Toro, arobel yopaTs cTap-

mue % = 2d ko3ddurmenTos, 1Ba pasa yoepém 1o d. Ho jist Toro, arobsl yopars d, HaM JOCTATOYHO

3HATBH TOJMBKO cTapime 2d kosddumumentos! [Tostomy Moo samycruts M = HGCOD(A(z) div 2?4, B(z) div 224),

3aTeM IOJYIeHHYIO MATPHUILy PUMEHUTDH K <ggg> =M (g(é;), nogesurs C(z) na D(z) ¢ ocrarkoMm

(3T0 PKBHBaJIEHTHO MaTpuile L, IIOJIy9YeHHON Kak OIMCAHO paHee) U OT CTapiuuxX Kod(hdUIMEeHTOB
pesyibraTa emé pas3 sanycrutb HGC D, nonyunts marpuity K u Bepuyts K LM.

5 TIlouck kopueii nan Z/pZ

ITycrs nam pan Muorowien ¢(z) ¢ ueabiMu KoadduimenTaMu, Mbl XOTUM HaiiTu Bee Takue a € Z/pZ,
uro ¢(a) =0 (mod p).
st Havasta 3aMeHnM Hai MEOrowieH Ha h(x) = ged(g(x), 2P —x), 9To6bl n36aBUTHCS OT HEJMHEHHBIX
. -1
WM IIOBTOPSIOIIUXCS Je/ureneii B pasioxkennn ¢ (tak kak ¥ — 2 = [[P~ (z — a) (mod p)).

ITocsie sToro BeIGEpeM cayuaiiHoe a € Z/pZ W BBIYACIAM

1 6ynem perrarh 3ajiady peKyppeHTHO juid f u g.

B f(x) ocramyrcsa takme KopHE A, 9T0 h(A\) = 0 u (A + a) ABJISETCH KBaJAPATUIHBIM BBIYETOM IO

-1
mozymo p. Iouemy sro paboraer 6bicTpo? Ksaaparnanbix Beraeros Beero == u onm pacrpe/ieseHns

PaBHOMEDPHO, TI03TOMY BEPOSITHOCTH TIONACTb B TaKOW NMpu MPUOABJIEHUN ¢ JJIsl KAYKIOrO U3 KOpHEil
h(z) npumepno paBHa % [Tonyuaercs, aTo BeposiTHOCTD noJsiy4duTh deg f = k < n = deg h npubiansu-
TepHo 27" (1), MOSTOMY Ha KazKJOM IIare CTEIeHb HOHMKACTCA MOUTH Basoe. MToro acnvmnrornka

O(nlognlogplog(np)), eciiu nepemuoxkars Beé ¢ nomonpio FFT u ucnonbzosars half-GCD.



6 Taylor Swift

Hawm nan muorowten P(x), Mbl xoruM Haiitu kKoadduimentsr Pz + a).

BameTuM, 4TO

(.%' + a)k _ j;k k atrk—t = Kl Zk Cﬁ k-t
‘ i il (k—1i)!
i=0 1=0
(x +a)k Z at xl
T G040
k! i

k k—1
Ecin 0603Ha4unTh oneparop nuddepeniupoBanus 3a D = %, To DIy = h Torna nartire BoIpazkeHue

MOXKHO IIepenucaTb, KakK

ko 00 i
(x4 a)* a’ ok a’tD'\ zF xk
T \ P ) =\ ) ey

=0

(D)

Tyt exp(aD) - skcnonenta oneparopa aD, GopMaIbHO OLPeIeIEHHAS, KAK Y i 7

JTudbdepenupopanie KOMMYTUPYeT ¢ YMHOXKEHHeM Ha cKaJap, mosromy (aD)! = a' D, a emd mb
MozKeM m36aBuThest oT k! 1 nomyunts (x4 a)f = exp(aD)x*. Inddepenmuposanue mmmHeitHo, 109TOMY
exp(aD)P(z) = P(x + a) nns moboro muorounena P(z).

Kak Hay49HTbCA IPUMEHATD psAL OT D K MHOTOYICHY?

Beeném smneitabie oneparopst || u {-} Ha IpocTpaHCTBE MHOMOYWIEHOB, NEHCTBYIONME HA MOHOMAX,
KaK [zF] = %’: u {zF} = klak.

Bamernm, uro Bo-niepsbix [{P(z)}] = {[P(z)]} = P(x) ansa moboro mHOTOWIeHA P(2).

Bo-BTophIx,

Dfa) = = o7

9TO MOXKHO IIepenunucaTb, Kak

D'[P(2)] = [+7"P()]
agis moboro muorowtena P(z). (Tyt mbr onpegensiem n! = oo ayia n < 0, mostomy [z*] pasno mymo
JUTsl OTPUIATETbHBIX k).

Baaromapst muHeitHOCTH [-], BTOpOE 3aMevaHne MOKHO PACIIAPUTH 110
G(D)[P(z)] = [G(z")P(x)]
it jioboro muorovwiena (G. CoBMerast 3To ¢ MEePBBIM 3aMeYaAHUEM, OJIYIUM, ITO
G(D)P(z) = [G(z~"){P(2)}]

UToro mosyvaem, 9To
P(z +a) = [exp(az™"){P(z)}]

YTO MOXKHO BhraucauThb 3a O(nlogn).
7 DBaswuc Hucxoadamux HpakTopuaIoB
7.1 Onpenenenust

Omnpenenenne 7.1.1

k-Mm HuCxomsAmuM PaKTOPUAIIOM Ha3biBaeTcs MHOTOWIEH (2); = z(z — 1) ... (x — (k — 1))

Bynem cuurars (z)o = 1

Cremnenb k-ro HEHCXOJsIEro haxkTopuaja pabHa k, IMOITOMY OHEH OOpa3ylT 6a3UC BEKTOPHOTO
[IPOCTPAHCTBa MHOIOWIEHOB (Oy/1eM HA3BIBATH €0 OMHOMUAJILHBIM 6a3ucoM) (CTaHIaPTHBINA Gasuc —
MOHOMHABHBIH — 310 1,7, 2%, ...).



Onpenenenne 7.1.2

Huckpernasi npousBoguast A dyukuuu f oupenensercs, kak Af(x) = f(z + 1) — f(x).

SaMernM, 9TO B TEPMUHAX HUCXOJSAININX (DAKTOPUAJIOB (Z) = (T}i)," ITosb3ysicy (nzl) = (Z) + (kﬁl)’

[IOJIy9a€eM, 9TO A(i) = (kfl) CnemoBareabHo,

A(z), = kA <z> - k!(k ’ 1) = k(2)p_1

To ecThb JUCKpeTHAs NPOU3BO/HAS B OMHOMHAIBHOM 0a3nuce JeficTByeT Ha MHOTOWIEHBI TaK Ke, KaK
obbraHast - B MoHOMHaIbHOM! B 3TOM 6asmuce MOKHO 4acTUIHO 06paTuTh A (MOJHOCTBIO STOT OIEPATOP
HeoOparuM, Tak Kak Al = 0) — ecau Mbl 3HaeM, uro Ap(z) = (2)g, 10 p(z) = ﬁ_l(x)k+1 + C st
Kakoi-To koHcTanThl C. By eM Ha3bIBATH 9Ty ONEPANIUIO ICEBIONHTEIPUPOBAHUEM.

7.2 IIpocToe nmpumeHeHue

Paccmorpum nipocroe cirydaiinoe Ogyzkaanue Ha 1, ..., n - IpoIecc, P KOTOPOM MBI HaYuHaeM B 1 u
Ka KJIbII Tar MPOUCXO/IUT CJIETYIOIIEe:
1. ecsim MBI ceifyac B 1, MBI IepexoiuM B 2

2. ecyim MBI cefiyac B x # 1, MBI lepexoiuM B & — 1 ¢ BEPOSITHOCTHIO % u B T+ 1 ¢ BepOSITHOCTBIO %

HyCTI: MbI XOTUM HaWlTH MaTOXKHUJaHUE KOJIUIECTBa IIaroB J0 TOI'0, KaK MbI HOH&,ZLéM B n.

O6o03naunM 3a E, MaroXumaHne KOJMIECTBa, ATOB JI0 1, €CJIU Mbl HaunHaeM B x. Torna F1 = 1+ Ey,
E,=0,u
1 1
E, =1+ 5 z—1 1 §Ea:+1

g 1 < x < n. 3amerum, 910

A*E, = (AE),41 — (AE),

AgEm — Ligp42 — E;v+1 - Ea:+1 + Ez

A’E, = Eyyo — 2B, + B,

A’E, = -2
AFE, =—1
E,=0
IcesmonnTerpupysa A2 E, = —2, nomyanm, ato AE, = —2(z);+C = —2x+C 1719 HeKOTOPOit KOHCTAHTLI
C. Bropoe ypasuenue naér C = 1. Ilcesnounrerpupysi cHoBa, nonyunMm E, = —(z)2 +a + C; =

—22 4 22 + C} 1us mHexkoropoit C, KOTOpas U3 TPETbero ypaBHEHHs PaBHA n’ — 2n.

7.3 BpruuciaeHnue, nHTepHoOJANNUA U cCMeHa ba3uca

Eciit MBI HayInMCsl BBIYUCJIATH U WHTEPIIOJIUPOBATH MHOTOYJIEHBI, 3alMCAHHbIE B OMHOMHUAJILHOM
basmnce, MbI MTOJIyIUM CITIOCOO MEHSATH 06A3UC ¢ MOHOMHUAJILHOTO Ha OMHOMUAIBLHBIN U HA0OOOPOT, TTOTOMY
YTO BBIYHC/ISITH M WHTEPIIOJNPOBATH B HEM MbI y2Ke yMeeM. Hauuém ¢ Bbrunciienus. Ilycts Ham jgaH

muOrounen P(z) = Z ag(x)r u Mbl xotuM Bbraucants P(0), P(1),..., P(d). Qs Touku m
i

P(m) = ax(m)s



TO €CTb

P(m U 1
# :Zak(m—k)'
k=0

[IpaBast cTopoHa 9TOrO BBIPAXKEHUSI - CBEPTKA, [TOITOMY MOYKHO IMEPEINCATh

m k
ZP(m)%: zk:z' Xk:akxk = exp(z) zk:akxk

MHaTepnosanust HaCTOIBKO XKe IPOCTa, - JOMHOXKHUM 00 CTOPOHBI Ha eXP(—2) U MOJIy9UM BbIPAsKEHUE
st koadbdunuentos oy, u3 3uadenuii P(m). Ilosromy B GunoMuanibHOM 6a3uce MOXKHO BBIYUC/IATD HA
OTpe3Ke TOUeK M MHTePIOaupoBarh u3 Hero 3a O(nlogn).

7.4 CuaBuru

ITycre y Hac ecrb MHOrOwieH P(x), 3anucannblii B OHHOMHUAJILHOM 6a3Kce, U Mbl XOTUM BBIYHCIHTH
koabdunumentsr P(z + ¢). Samernm, aTo

P(z+1) = P(z) + AP(z) = (1 + A)P(x)

CremoBaTesbHO, IS 1IEJIOT0 ¢ BEPHO

Plz+e)=(1+A)VP@)=> (2) AFP(z)

k=0

Ecmu crenens P paBHa d, TO HAM HY2KHBI TOJBKO TepBbie d + 1 K09(DDUINEHTOB BHIPAXKEHUS BBIIIIE.
Ob6e cTOPOHBI - MHOTOYJIEHBI OT €, TO9TOMY Mbl MOYKEM BBIUUCJISATH CJBUTU W JIJIsl HENEJIbIX 3HAYEHUN ¢
(momb3ysich 0606mEHHBIM GuHOMOM HbIoTOHA).

MbI y2Ke yMeeM MPUMEHATH st 0T D K MHOTOY/IEHY B MOHOMHAJILHOM 0a3uce, HOITOMY MOXKHO
n
BPEMEHHO “3a0BITH’ O TOM, YTO MBI paGoTaeM B GHHOMHAIBLHOM, 3ameHns P(x) = > "  a;(x); Ha
n 3 .
A(z) = Y1, a;x" u nomensB Be3je A Ha D, TOTOMY 9TO Ha COOTBETCTBYIONIUX OA3MCAX OHH JEHCTBYIOT
OJINHAKOBO.
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