TeopeTuyecKuii MUHAMYM IIO CTEPEOMETPUN

A.I1. Kupuenko, Denis.Kirienko@gmail.com

MAeTHSST KOMIBIOTEPHAS IIKOAQ, Iapaareab B'+, 2013 .

ConepxkaHnue

O603HaYeHNA

ByaeM npumpaepKUBaThCS CAEAYIONUX 0603HAYEHUIH:
Tourm B mpocTpanctse: A, B, C, D, ...
Bekropa: a, b, AB, ...

KoopauHaTE BeKTOpa a: (A, ay, az).
Vras: ZAOB.

1 BekTopa

Touxkmu u BeKTOpa Ha IAOCKOCTM 3aAAIOTCS TPOMKOM KOOPAMHAT ((y, Oy, A, ).
Paccrosinme or Havana KoOopAMHAT A0 TOUKU P(X,Yy,z) AErKo HaXOAMTCS 1o TeopeMe [lmdaropa m paBHO

VX2 +y? + 22
AHanOTMYHO HaXOAUTCS ¥ AAMHA BeKTOpa: |a| = 4 /a2 + aﬁ + aZ.
Paccrosinme Mexxay AByMs TouraMu Ao (X0, Yo,20) ¥ A1(X1,Y1,21) BEIYACASIETCS, KaK AAMHA BEKTOpa AgA7:

V1 =x0) 7+ (Y1 —yo)? + (z1 — 20)2.
HOpMaAPBOBaHHbIM BeKTOpOM HAa3bIBAE€TCA BeKTOp eAI/IHI/I‘{HOﬁ MHHbI, COHaIIpaBAeHHbeI Aa.HHOMy. EI‘O KO-

a
OpAMHATHl €CTb (\%I’ Toh %)

1.1 CkaasgpHOe Npomn3BeaeHIe BEKTOPOB

CranAsIpHOe IIPOM3BEAEHHE ABYX BEKTOPOB a(ay, ay, a;) 1 b(by, by, b,) onpeaerserca xKax

(a,b) =|a| - |b| - cos @, Tae @ — yTOA MEXAY HUMU.

BrIpaskeHne cCKaAsIpHOIO IIPOM3BEAEHNS depe3 KOOPAMHATEI: (a,b) = aybyx + ayby + a.b..

J\erKo BUAETD, YTO CKaASIPHOE IIPOM3BEACHNE AMHENHO IO KAa’KAOMY apryMeHTYy:

(a+b,c) = (a,c) + (b,c)

(ka,c) = k(a,c).

Amanoruunble yTBEPXKAEHUE BEPHLI U AASL BTOPOI'0 apryMeHTa.

[ToCROABKY KOCHHYC — 4YeTHasi PYHKIIUSI, TO CKaASPHOE IIPOU3BeAEHNe KOMMYTaTUBHO: (a, b) = (b, a).

CransipHOe IIPOM3BEAEHUE HEOGXOAMMO UCIOAB30BATh, KOIAA HY’KHO IIPOBEPUTH ABa BEKTOpa (ABa OTPE3KA,
ABE NPsIMBIE) Ha IEPIEHAUKYASPHOCTD, IIOCKOABKY (a,b) = 0 Torpa ¥ TOABKO TOTAQ, KOTAA HEHYAEBEE BEKTOPA
a ¥ b IepreHAUKYASPHEL.

CxransipHOe TIPOU3BEAEHUE [TOAOKUTEABHO, ECAU YTOA MEXAY BEKTOPAaMU — OCTPBIM, X OTPUIATEABHO, ECAY
TYIIOH.

1.2 OpueHTUpPOBAaHHBbIE TPONKN BEKTOPOB

Paccmorpum Tpu HeKOMIIAAHAPHEIX (HE AeXKaluil B OAHOM IIAOCKOCTH) BEKTOpa a, b, ¢. ByaeM HaseiBaTh TPOii-
Ky HIpaBOi MAUM MOJIOXKHNTEJIBHOM, eCAU BEKTOD C HAllpaBAEH IIO XOAY ABUJKEHWS IIPABOI'O BMHTA, KOTOPBIX
3aKPYy4YMBAKOT II0 HAIIPABAEHUIO OT BEKTOPAa a K BEKTOpPYy b, bosee TOYUHO, BEKTOP C M BEKTOD, HAIIPaBAEHHBIN



10 XOAY IIPABOTO BUHTA, AEXKAT B OAHOM IOAYIPOCTPAHCTBE OTHOCUTEABHO IIAOCKOCTH, 33AaBaEMON BEKTOPaMU
a 7 b. lHaue TpoliKa Ha3bIBAETCS JIEBOM WAV OTPUIATEIBHOMN.

Tak>Xe MO>XHO [IPEACTABUTD, UTO IIPaBasi TPOMKa COOTBETCTBYET TPEM IIAABI[AM IIPABOM PYKU, ECAM CUATATH,
YTO BEKTOP a — IEPBHIY IaAel], BEKTOP b — BTOPOH manel], BEKTOP ¢ — TPETUYN Manell, OTAOKEHHBIE U3 OAHON
TOYKY. /\eBast TPOKa COOTBETCTBYET TPEM IIAAbIAM AEBOX PYKU.

J\erkKo BUAETE, 9TO eCAH (a, b, ¢) — mpaBast Tpoiika, To (c,a,b) u (b, c,a) — Toxe mpaBsie Tpoiky, a (a,c, b),
(¢,b,a) u (b, a,c) — AeBBIe TPOKKH.

1.3 OpuenTuUpOBaHHBIN 00bEM IHapaJijejennneia

Paccmorpum tpu BekTOpa: a, b, c. OpueHTHPOBaHHEIM 06bEMOM HapaAreAenuIIeAa (a, b, ¢) Ha3BIBAETCS BEANYIN-
Ha obbeMa IapaANeAUIUIIEAd, HATSIHYTOrO Ha BEKTOPA a, b, C, OTAOXKEHHbIE U3 OAHOM TOYKH, B3sSITasi CO 3HAKOM
“4” ecAmM AaHHAs TPOMKa BEKTOPOB ABASETCS IIPABOM MAM CO 3HAKOM “‘—”

MEBOM.

, ECAU TPOIKa BEKTOPOB SIBASETCSH

CasolicTBa OpueHTHPOBAHOrO 06bemMa

1. OpneHTnpoEa.HHfrﬁ obbem pasen (a, b, c) = Sap - Iy rAe S — mAoImIaAs mapaaAeAorpaMma, HaTSHYTOrO
Ha BeKTOpa a u b, h — BEICOTa mapaAAeAenuIeAd, CIATAsI, ITO €0 OCHOBAHUE HATSIHYTO Ha BEKTOpa a U b,
IIPX 3TOM BBICOTA MMeET 3HaK “+”’ MAM “—" B 3aBHCHMOCTH OT TOTO, SIBASIETCS AK TPOIKa BEKTOPOB a, b, ¢
TIpaBoit mAM AeBo#t. MHbIME croBaMu, h eCTh IPOEKIMST BEKTOPA C Ha OCh, MEPIEHANKYASPHYI0 BEKTOPaM
au b u 06pasywIIyo C HUMU IIPaBYI0 TPOUKY.

2. <5)B>E> = <6a536> = <B)E» a) = _<5)E»B> = _<Bagﬂg> = _<E>B>5>'

5. VI3 mpeABIAYIIIUX CBOMCTB CAEAYET, YTO OPUEHTUPOBAaHHEBIM 0O0beM AMHEEH IO Ka’KAOMY U3 CBOMX apryMeH-
TOB.

1.4 BekrTopHOe nmpousBeleHNEe BEKTOPOB

BeKTOpHOE IIPOU3BEAEHNE ABYX TPEXMEPHEIX BEKTOPOB a(dy, Gy, d,) # b(by, by, b,) ompeaeasieTcss Kak BeKTOp,
MOAYAB KoToro paseH |c| = [a| - [b| - |sin @|, TA€ @ — yroa MeXAy BeKTOpaMu a ¥ b, HaIpaBA€H BEKTOD C
OpPTOTOHAABLHO BEKTOpPaM a U b, U IIPK 3TOM TPOWKa a, b, ¢ SBASETCS MPaBoii.

CBoliCTBa BEKTOPHOI'O IIPOW3BEAEHUS:

1. [a,b] opToroHaneH Kaxk a, Tak u b.

2. <£)B)E> = ([g)g})g) = (a> [b,C])

3. [a,b] = —[b, al.

4. [a, kb] = k[a, b].

5. [a,by + ba) = [a, b1l + [a, bal.

Mokaxxem mocaepHee cBoiicTBo. OHO SKBMBAA€HTHO ToMy, uTo BeKTop d = [a, by + byl — [a,by] — [a, by] —
HyAeBoit, To ecTsb (d,d) = 0. Umeem: (d,d) = ([a,b; + ba] — [a,b;] — [a, ba],d) = ([a, by + bal,d) — ([
([a,b2],d) = (a,b1 + ba,d) — (a,b1,d) — (a,bo,d) = 0.

/3 Bcex 3TUX CBOMCTB CAEAYET, YTO BEKTOPHOE IIPOU3BEACHUE AMHENHO II0 Ka’XKAOM KOMIIOHEHTE. OTO II03-
BOAHNT HaM BHIPa3WTh BEKTOPHOE TPOM3BEAEHNE UepPe3 KOOPAMHATEL.

CHagana BBISICHAM, 9eMy PaBHO BEKTOPHOE IIPOM3BEAEHWE BEKTOPOB 6asmca ey, €y, €, [ex,ex] = [ey,e,] =
v =0, urey) = 85, ey, 0] = B, [ 25) = 3, [oy, ) =~ (o 2y) = o, [0y ) = 0y,

TTockoABKY a(dy, Ay, az) = Ayxex + yey + aze,, b(by, by, b) = byex + byey + b.e,, To [a,b] = [ayes +
ayg + azga bxa + byg + bzg] = axbx[g) a] + axby [g) g] + axbz[aa g] + aybx[g) a] + ayby [g) g} +



ayb; ey, e,]+azby [eiﬂ ex]+azbyle,, ey +a:b, le, €,) = axbye, —axbey, —aybye, +ayb e +abyey —abye, =
ex(aybz - azby) + ey(asz - axbz) + ez(axby - aybx)-
TakuM 06pa3oM, BEKTOPHOE IPOU3BEACHUE OYAET MMETh KOOPAMHATEL:

(ayb, —a;by, a,by — axb,, axby —ayby).

Bonaee rommarTHO CbOpMyAY BEKTOPHOI'O IIPOMUM3BEACHUS MOJXHO 3allICaTh YEPE3 OIIPEAECANTEAD MaTPUIIBI

3x3: .
ex € €

la,b] = lax ay a;

b, b, b,

Temeps 3amwineM B MaTPUYHOM BHAE OPMEHTHPOBAHHBEIA 00beM Iapasireaenunepa (a,b,c). Hcam ¢ mmeer
KOOPAMHATBHI (Cx, Cy, Cz), @ OPHEHTUPOBAHHEIR 06beM paBeH CKaAsSPHOMY IPOM3BEAEHHIO [a, b] u ¢, To moAyunTs
OPHEHTUPOBAHHELN 06beM IIapasneAelnIeAd MOXKHO, 3aMEHUB B PA3AOXKEHNUH [a, b] o 6asucy ey, ey, e, basucHele

BEKTOpa Ha Cy, Cy, C, COOTBETCTBEHHO. Tor‘,n,a

Cx Cy Cz ay ay a
(a,byc) =lax ay a;|=|bx by b,
by by b, Cx Cy Cz

[TocarepHee paBEHCTBO CAEAYET U3 TOTO, UTO (a, b,c) = (c, b, a).

2 IIpsambie
[IpsiMyIo B IIPOCTPAHCTBE MOXXKHO 33aAaBaTh:

1. AByMs HecoBHmaparomuMu ToukaMmu P u Q.
2. Toukoit P 1 HampaBASIOIIIM BEKTOPOM a.

3. Ilapamerpudecku: X = Xo + axt, Y = Yo + ayt, z = zo + a,t, rae t € R — mapamerp, (x0,Yo,20) —
TIPOM3BOABHAS TOYKa Ha IPSMOi, a = (ax, dy, 0,) — HaNpaBASIONMA BEKTOP.

Tar>xe MOXXHO 3apAaBaTh IIPSAMYIO, KaK IIEPECEYEHNE ABYX I'[AOCKOCTefI, HO TaKO€ IIPEACTaBAEHUE Hey’AO6HO.

3 IlnockocTn
H.AOCKOCTI/I B HpOCTpaHCTBe MO>XHO 3ajAaBaTh:

1. Tpems TouKamu, He A€XKAIIIMK Ha OAHOM IIPSIMOIA.
2. Touroil ¥ AByMSI HEKOAAMHEAPHBIMY HANIPABASIOIIUMY BEKTOPAMU.

3. ITapamerpudecKu: X = X + Axt +bxs, y =yo +ayt+bys, z=zp+a.t+b.s, rae s,t € R — mapamerpsr,
(x0,Y0,20) — HIPOM3BOABHAs TOYKa Ha HPAMOH, a = (0, 0y, a:), b = (bx,by,b,) — Hanpasasromue
BEKTOPA.

4. VpasrerueMm Ax + By + Cz+ D = 0, rae koadbdurmenter A, B, C He Bce pasHsI 0.

3.1 Hopmanp K NJIOCKOCTH M HAIIPABJIAIOIIAE BEKTOPA

Paccmorpum nmaockocts Ax + By + Cz + D = 0 u mpom3BoABHEIE ABe TOUKY Ha dTo# mpsmoit: Pi(xq,yi,z1) &
P2(x2,Y2,22). Ilockoabky Ax; + By +Cz1 +D =0, Ax, + By, +Cz, + D =0, To A(x2 —x1) + B(y2 —y1) +
C(Zz —Z1 ) =0.

[TocaepHee paBeHCTBO O3HawaeT, uTo BeKTOp n(A, B, C) oproronareH BeKTOPy (X2 — X1,Y2 — Y1,22 — Z1).
[TockoAbKY Touku Py u P, — IpOM3BOABHEIE TOYKM Ha ILAOCKOCTH, TO BEKTOD 11 OPTOTOHAAEH AO6OMY BEKTODY
IIAOCKOCTH, a, 3HA4UT, 3TOT BEKTOP OPTOTOHAAEH BCEH IIAOCKOCTH, TO ECTH SIBASETCS BEKTOPOM HOPMAaAU.



Hayuwmcs mepexopuTs MEXXAY PasHBIMU (GOpMaMy IPEACTABAEHUS IIAOCKOCTH.

Ecau maocKoCTB 33paHa ypaBHEHUWEM, TO AASL 33AAHUS €r0 TPEMS TOYKAMU, MapaMETPUYECKN UAY HAIIPaB-
ASTIOLIIUMY BEKTOPAMU AOCTATOYHO IOAYYUTH OAHY TOUYKY, AE€XKAIIYI0 Ha IIAOCKOCTH, M ABa HEKOAAUHEAPHBIX
HaNpaBASIOIINX BEKTOPA. B KadecTBe HANpPaBASIIOIIUX BEKTOPOB MOXKHO B3SITh AMOObIE ABa HEKOAAUHEPAHBIX
BEKTODPA, OPTOrOHAABHBIX BEKTOPY HOPMAaAMU.

AAst mepexopa OT 3aAaHUsI IIAOCKOCTH TPEMSI TOYKaM¥, [IapaMeTPUIECKY, TOYKON U HATIPABASIOUIUMUAM BEK-
TOpaMy K YPaBHEHUIO, HAa¥AeM CHadaAa BEKTOP HOpMaAu. [I0CKOABKY HOPMaAb OPTOTOHAABHA HATIPABASIOLIAM
BEKTOpaM, TO B KaYeCTBE HOPMAAM MOXKHO B35ITh BEKTOPHOE IIPOU3BEAEHVE HAIPABASIOIINX BEKTOPOB. DTO AACT
HaM KodpdumuenTtsl A,B, C ypaBHeruUs npsamoit. CBobopHEIR YaeH D ypaBHEHNS MOXKHO IIOAYYUTE U3 YCAOBHUS,
YTO OAHA AQHHAS HaM TOYKA [IPUHAANEKUT IIAOCKOCTH.

4 PaccrosgHue OT TOYKHU J0 IIJIOCKOCTU

4.1 IlmockocTs, MapaJuiesibHAad JAHHOM W yaajieHHasi Ha paccTogHue h

[Tycrs pama maockocTs Ax 4+ By + Cz 4+ D = 0. Ecau usmenaTs 3Hauenue kosddummenta D, sadburcuposas
npu oM 3HadeHus A, B u C, To MBI moAy4YUM ceMeHCTBO mapaAreAbHBIX IIAOCKOCTel. Kak moay4uuTs U3 sToro
ceMe#CTBa IIAOCKOCTD, ITAPAANEABHYI0 MCXOAHON U yAAAEHHON OT Hee Ha 3ajaHHOE paccTosHue h?

BekTop HOpMaAu K 3Toi mAocKocT: 6yaer ummers BuA (A, B, C). AamHa 3Toro BekTopa VAZ + B2+ C2.

A B c o
[TopenwB BEKTOpP Ha €r0 AAVHY, IIOAYYIUM BEKTOPD JATET e VAT BT CD A2+BZ+C2) €AVHUYHON ANVWHEL.
Ah Bh Ch

YMHOXXUB ero Ha h, IOAYYIIM BEKTOD ( ) . 9TOT BEKTOP 6YAET HOPMaAbHBIM

AZ+B24+C2’ VAZ+B2Z4+CZ VAZ+BZ+C?
K MCXOAHOM IIAOCKOCTH M €ro AAMHA paBHa h. MlckoMast AOCKOCTD IOAYyYaeTCs M3 MCXOAHOM CABHTOM Ha 3TOT

BEKTOP.
TaxkuM o6pasoM, ecAM TodYKa (X,Y,z) DPUHAAAEKAAA HCXOAHOM IIAOCKOCTH, TO Touka (x',y’,z’), rae x' =
Ah / Bh / Ch u
X+ = ——— =Z+ ———=—, IPUHAAAEKUT NCKOMOU ILAOCKOCTH.
T VATrBic2 Y Yy VATrBI1C2 © T VATiBZrc2 P Al

Sanmurem ypasrerne Ax+ By + Cz+D = 0 u noacraBuM B Hero x = x’ — 7¢$, y=y'— 7\/%,

1 Ch
=2 — —=—=—= TIOAY4YUM ypaBHEHUE:
z=2z AT B2 y yp

A’h . BZh . C2h

AN gy oy D=0
VAZIBI1CZ 90 VAZrBErCZ 9 VAZ;BZiCZ

Ax’ —

AN

Ax' +By' +Cz'+D —hyAZ+B2+C2=0.

VpaBHEHVE BTOPO# IIAOCKOCTH, YAAAEHHON Ha PacCTOSHUE h OT MCXOAHOM, HO B HallPaBAEHWY, IIPOTUBOIIO-
AOKHOM HOPMAaAM, UMEET BUA!

Ax'+By'+Cz'+ D+ hVAZ2+B2+C2=0.

4.2 PaccrogHue or TOYKH A0 IIJOCKOCTH

[IycTe 3apana maockocts Ax + By + Cz+ D = 0 u Toura (X, Yo, zo). HallpaeM paccTOsIHEE OT 3TOM TOYKZ AO
IIAOCKOCTH.

[TycTh uckoMast TOYKa yAaAeHa Ha PACCTOSHUE h OT AaHHOM mAocKocTH (6yAeM cuauTaTh, 94T0 h MOXKeT 6BHITH
oTpuIaTeAbHOR BearuuHol). Toraa maockocts Ax+By+Cz+D—hvAZ + B2 4+ C2 = 0 IpOXOAUT Yepes TOUKY

(x0,Yo, 20), OTKyAR
Axo+Byo+Czo+ D —hy/A2+B2+C2=0

[Ipeobpasosas, moAyIaeM:
Axo + Byo + Czo + D
VAZ+BZ+CZ

B sToit hopmyre BearwurHa h MOXKET OBITH OTPUIIATEABHOM, IIOITOMY PACCTOSHUE OT TOYKU AO IIAOCKOCTH

h:

pasto |h|.
STy PopMyAy HEOOXOAMMO 3HATH HAM3YCTh.



5 Pyccko-anramiickuit ciioBapuk

TOYKa

BEKTOP

npsMast

TIAOCKOCTD

TIPOCTPAHCTBO

AyY

OTPE30K

yroa

OKPY>XHOCTH
TPEYTOABHUK
IPSIMOYTOABHUK
KBaApaT

MHOTOYTOABHUK
TeTpaspAp
apannenennIIea,
OKPY>XKHOCTH

MeAVaHa

buccexTpuca

BEICOTA

mepeceveHve

AAVHA

[IEPUMETD

IIAOLIAAD

0bbeM

KacaTeAbHas

CKaASIPHOE IIPOU3BEAEHIUE
BEKTOPHOE IIPOU3BEAEHUE
CMeLIaHHOE IIPOM3BEAEHUE
OPUEHTUPOBAHHEIR 06beM
BEKTOD HOpMAaAu’
MaTpuIa

OIIpEAEAUTEND

point

vector

line

plane

space

ray

segment
angle

circle
triangle
rectangle
square
polygon
tetrahedron
parallelepiped
circle
median
bissector
altitude
intersection
length
perimeter
area
volume
tangent

dot product
cross product

mixed product (scalar triple product)

oriented volume
normal vector
matrix
determinant



